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CONNECTIONS FOR WEIGHTED PROJECTIVE LINES
WILLIAM CRAWLEY-BOEVEY
Abstract. We introduce a notion of a connection on a coherent sheaf on a
weighted projective line (in the sense of Geigle and Lenzing). Using a the-
orem of Hu¨bner and Lenzing we show, under a mild hypothesis, that if one
considers coherent sheaves equipped with such a connection, and one passes to
the perpendicular category to a nonzero vector bundle without self-extensions,
then the resulting category is equivalent to the category of representations of
a deformed preprojective algebra.
1. Introduction
Consider the weighted projective line X consisting of the complex projective line
X = P1, a collection D = (a1, . . . , ak) of distinct points of X , and a weighting
w = (w1, . . . , wk), with the wi being integers ≥ 2 (or also 1, which is equivalent to
the point not being marked).
Weighted projective lines, and the category CohX of coherent sheaves over X,
were introduced by Geigle and Lenzing [6]. Later, Lenzing [9] showed that the
category of vector bundles E on X is equivalent to the category of vector bundles
E on P1 equipped with a (quasi)parabolic structure of weight type (D,w), that is,
flags of subspaces
Eai = Ei0 ⊇ Ei1 ⊇ · · · ⊇ Ei,wi−1 ⊇ Ei,wi = 0
of the fibres of E at each marked point.
It is natural to consider connections ∇ : E → E⊗Ω1X(logD) on a vector bundle
on P1, analytic except possibly for logarithmic poles on D, and their residues
Resai ∇ : Eai → Eai .
Given a collection of complex numbers ζ = (ζis) (1 ≤ i ≤ k, 1 ≤ s ≤ wi), if E is a
parabolic bundle on P1 of weight type (D,w), then ∇ is said to be a ζ-connection
[3, §7] provided that
(Resai ∇− ζis1)(Ei,s−1) ⊆ Eis
for all 1 ≤ i ≤ k and 1 ≤ s ≤ wi. This condition has the effect of fixing the
eigenvalues of the residues, and if one knows the dimensions of the subspaces in the
flags, it also fixes the Jordan block structure.
In this first part of this article we define the appropriate notion of a ζ-connection
for any coherent sheaf on X, not just those corresponding to parabolic bundles.
Hu¨bner and Lenzing [8] proved that if F is a nonzero vector bundle on X without
self-extensions, then the perpendicular category
F⊥ = {E ∈ CohX | Hom(F,E) = Ext1(F,E) = 0}
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is equivalent to the category of representations of a finite-dimensional hereditary
algebra A. In the second part of this article we show that, under a mild hypothesis,
the category of coherent sheaves in F⊥ equipped with a ζ-connection is equivalent
to the category of representations of a deformed preprojective algebra Πλ(A) in the
sense of [2]. These results will be used elsewhere in our work on the Deligne-Simpson
problem, see [4] for an overview.
I would like to thank H. Lenzing for a number of very helpful discussions.
2. Weighted projective lines via patching
Lenzing [9, §4.2] showed how one can define the category CohX for one marked
point in terms of n-cycles, and then an iterative construction generalizes this to any
number of marked points. Here we outline a variation which seems more direct.
Everything is implicit in [6, 9], so we omit details.
Let A be a commutative integral domain and m an invertible ideal in A. If M
is an A-module, we define M(s) = m−s ⊗M for s ∈ Z. Since m is invertible, we
can identify M(s)(t) with M(s + t) for any s, t. Moreover for s ≤ t the inclusion
m
−s ⊆ m−t induces a natural map M(s)→M(t).
If n ≥ 1, by an n-cycle of A-modules concentrated at m one means a collection
E = (Es, φs)s∈Z of A-modules and homomorphisms
· · · → E2
φ1
−→ E1
φ0
−→ E0
φ
−1
−−→ E−1 → . . .
such that for all s ∈ Z we have Es−n = Es(1), and the composition
Es
φs−1
−−−→ Es−1
φs−2
−−−→ . . .
φs−n
−−−→ Es−n = Es(1)
is the natural map. There is a natural category of such cycles, in which the mor-
phisms u : E → F are given by A-module maps us : Es → Fs which are n-periodic,
that is, for all s ∈ Z, the map us−n : Es−n → Fs−n is the same as the map
Es(1) → Fs(1) induced by us, and satisfy φsus+1 = usφs for all s. This category
is easily seen to be equivalent to the category of modules for the ring Tn(A,m) of
n× n matrices of shape
Tn(A,m) =


A A A . . .
m A A
m m A
...
. . .

 .
Now fix marked points D = (a1, . . . , ak) and a weighting w = (w1, . . . , wk)
as above. By adding additional marked points, with trivial weighting 1, we may
assume that k ≥ 2. Thus we can fix an affine open covering Xi (1 ≤ i ≤ k) of
X = P1, such that each Xi contains ai, but no other marked points. Let Ai be
the coordinate ring of Xi, and let mi be the maximal ideal corresponding to the
point ai.
Recall that CohX can be identified with the category whose objects are collec-
tions (Ei0, gij) where each E
i
0 (1 ≤ i ≤ k) is a finitely generated Ai-module, and the
gij (1 ≤ i, j ≤ k) are patching isomorphisms
gij : Aij ⊗Aj E
j
0 → Aij ⊗Ai E
i
0,
where Aij is the coordinate ring of Xi∩Xj , subject to the compatibility conditions
gijgjℓ = giℓ
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for all i, j, ℓ, for modules over the coordinate ring of Xi ∩Xj ∩Xk. The morphisms
from (Ei0, gij) to (F
i
0, hij) in this category are collections f = (f
i
0)1≤i≤k where each
f i0 : E
i
0 → F
i
0 is a morphism of Ai-modules, and compatible in the sense the square
Aij ⊗Aj E
j
0
1⊗fj
0−−−−→ Aij ⊗Aj F
j
0
gij
y hijy
Aij ⊗Ai E
i
0
1⊗fi0−−−−→ Aij ⊗Ai F
i
0
commutes for all i, j.
The category CohX is defined as follows. Objects are collections E = (Ei, gij)
where each Ei = (Eis, φ
i
s) (1 ≤ i ≤ k) is a wi-cycle of finitely generated Ai-modules
concentrated at mi, and the gij (1 ≤ i, j ≤ k) are patching isomorphisms
gij : Aij ⊗Aj E
j
0 → Aij ⊗Ai E
i
0,
where Aij is the coordinate ring of Xi∩Xj , subject to the compatibility conditions
gijgjℓ = giℓ
for all i, j, ℓ, for modules over the coordinate ring of Xi ∩ Xj ∩ Xk. Morphisms
E→ F, where E = (Ei, gij) and F = (F
i, hij), are collections f = (f
i)1≤i≤k where
each f i : Ei → F i is a morphism of wi-cycles of Ai-modules concentrated at mi, so
f i = (f is)s∈Z, and they are compatible in the sense the square
Aij ⊗Aj E
j
0
1⊗fj
0−−−−→ Aij ⊗Aj F
j
0
gij
y hijy
Aij ⊗Ai E
i
0
1⊗fi0−−−−→ Aij ⊗Ai F
i
0
commutes for all i, j.
Clearly there is a forgetful functor CohX→ CohX which replaces each cycle Ei
by the module Ei0.
By definition a vector bundle on X is a coherent sheaf E = (Ei, gij) with the
property that for all i and s, the modules Eis occurring in the cycles E
i = (Eis, φ
i
s)
are projective Ai-modules. If E = (E
i, gij) is a vector bundle and E is the corre-
sponding vector bundle on X , then the fibre of E at ai is
Eai = E
i
0 ⊗Ai Ai/mi
and there is a flag of subspaces
Eai = Ei0 ⊇ Ei1 ⊇ · · · ⊇ Ei,wi−1 ⊇ Ei,wi = 0,
where Eis is the image of the composition of φ
i
0φ
1
1 · · ·φ
i
s−1 : E
i
s → E
i
0 with the
projection Ei0 → Eai . This construction gives the equivalence between the the
category of vector bundles on X and the category of parabolic bundles on X of
weight type (D,w).
Given integers ri for 1 ≤ i ≤ k, the shift E(
∑k
i=1 ri~xℓ) of a coherent sheaf E =
(Ei, gij) with E
i = (Eis, φ
i
s) is defined to be F = (F
i, hij), where F
i = (F is , χ
i
s) with
F is = E
ℓ
s−ri
and χis = φ
i
s−ri
, and the hij are obtained from the gij by conjugating,
where necessary, using the maps
· · · → Aij ⊗Ai E
i
2
1⊗φi1−−−→ Aij ⊗Ai E
i
1
1⊗φi0−−−→ Aij ⊗Ai E
i
0
1⊗φi
−1
−−−−→ Aij ⊗Ai E
i
−1 → . . . .
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These are all isomorphisms for i 6= j, since the condition that ai /∈ Xj implies that
Aijmi = Aij . For example, if all ri > 0 then hij (i 6= j) is the composition
Aij ⊗ F
j
0 = Aij ⊗ E
j
−rj
p−1
−−→ Aij ⊗ E
j
0
gij
−−→ Aij ⊗ E
i
0
q
−→ Aij ⊗ E
i
−ri
= Aij ⊗ F
i
0 ,
where p = (1⊗ φj−rj ) · · · (1⊗ φ
j
−1) and q = (1⊗ φ
i
−ri
) · · · (1 ⊗ φi−1).
If E is a coherent sheaf on X and L is a coherent sheaf on X , then then there is a
coherent sheaf E⊗L on X. If E = (Ei, gij), E
i = (Eis, φ
i
s), and the restriction of L
to Xi is given by an Ai-module Li, then E⊗L is given by the modules E
i
s ⊗Ai Li.
In this terminology, the expression (E ⊗ Ω1X)(
∑k
i=1(wi − 1)~xi) can be identified
with the twist E(~ω), as in [6].
3. Connections for weighted projective lines
Atiyah [1, §4] observed that a connection on a vector bundle E on a complex
manifold X is the same thing as a section of a certain exact sequence
B(E) : 0→ E ⊗ Ω1X → D(E)→ E → 0
Similarly, Mihai [11, 12] identified logarithmic connections on E with sections of
the pushout sequence
BD(E) : 0→ E ⊗ Ω
1
X(logD)→ DD(E)→ E → 0.
Here we put this in the setting of weighted projective lines.
Theorem 3.1. Let X be a weighted projective line over C associated to D and w.
Fix a collection of complex numbers ζ = (ζis) (1 ≤ i ≤ k, 1 ≤ s ≤ wi). Then there
are exact sequences
Bζ(E) : 0→ E(~ω)→ Dζ(E)→ E→ 0
defined for any coherent sheaf E on X, and functorial in E, whose sections, in
case E is a vector bundle, are in 1-1 correspondence with the ζ-connections on the
corresponding parabolic bundle.
In view of this, we define a ζ-connection on E to be a section of Bζ(E).
Proof. Since X = P1, an easy calculation shows that given any c1, . . . , ck ∈ C
with
∑
i ci = 0, there is a global section of Ω
1
X(logD) whose residue at ai is ci.
For any E this gives a homomorphism E → E ⊗ Ω1X(logD), and we can add this
homomorphism to a logarithmic connection ∇ : E → E ⊗ Ω1X(logD), changing a
ζ-connection into a ζ′-connection, where ζ′is = ζis + ci. By making such a change
we may assume that ζi1 is independent of i. Denote the common value by ζ0.
Consider an affine open piece Xi. We identify coherent sheaves on Xi with the
corresponding finitely generated Ai-module.
We write the restriction of Ω1X(logD) to Xi as Ω
1
Xi
(logD), but as ai is the only
point of D in Xi, it is the same as Ω
1
Xi
(log ai), that is, m
−1
i ⊗ Ω
1
Xi
. Let
ρij : Aij ⊗Aj Ω
1
Xj
(D)→ Aij ⊗Ai Ω
1
Xi
(D)
be the patching isomorphisms for Ω1X(logD).
Recall that E is given on Xi by a wi-cycle E
i = (Eis, φ
i
s)s∈Z. Then E(~ω) is given
by the cycle whose sth term is
Eis−(wi−1) ⊗ Ω
1
Xi
∼= Eis+1 ⊗m
−1
i ⊗ Ω
1
Xi
∼= Eis+1 ⊗ Ω
1
Xi
(logD)
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For s ∈ Z, we define
Dis = E
i
s ⋉ (E
i
s+1 ⊗ Ω
1
Xi
(logD))
where the notation ⋉ means the direct sum as vector spaces, considered as an
Ai-module via the action with
a(e, f ⊗ γ) = (ae, φis+1φ
i
s+2 . . . φ
i
s+wi−1(xi ⊗ e)⊗
da
xi
+ af ⊗ γ)
for a ∈ Ai, e ∈ E
i
s, f ∈ E
i
s+1 and γ ∈ Ω
1
Xi
(logD). Here xi is a local coordinate at
ai, so a generator of mi as an ideal in Ai, xi ⊗ e is in mi ⊗ E
i
s = E
i
s(−1) = E
i
s+wi ,
and the composition φs+1φs+2 . . . φs+wi−1 sends it to an element of E
i
s+1.
Then the canonical inclusion and projection define exact sequences ofAi-modules
Bis(E) : 0→ E
i
s+1 ⊗ Ω
1
Xi
(logD)→ Dis → E
i
s → 0.
We define maps ψis : D
i
s+1 → D
i
s, that is,
ψis : E
i
s+1 ⋉ (E
i
s+2 ⊗ Ω
1
Xi
(logD))→ Eis ⋉ (E
i
s+1 ⊗ Ω
1
Xi
(logD))
by
ψis =
(
φis 0
1⊗ (ζi,s+2(wi) − ζi,s+1(wi))
dxi
xi
φis+1 ⊗ 1
)
.
where if j ∈ Z then j(wi) denotes the integer in the range 1, . . . , wi congruent to
j modulo wi. It is easy to see that they turn the D
i
s (s ∈ Z) into a wi-cycle of
Ai-modules concentrated at mi, and that there are morphisms of exact sequences
Bis+1(E) : 0 −−−−→ E
i
s+2 ⊗ Ω
1
Xi
(logD) −−−−→ Dis+1 −−−−→ E
i
s+1 −−−−→ 0
φis+1⊗1
y ψisy φisy
Bis(E) : 0 −−−−→ E
i
s+1 ⊗ Ω
1
Xi
(logD) −−−−→ Dis −−−−→ E
i
s −−−−→ 0.
We next define patching isomorphisms to turn the Dis into a coherent sheaf
Dζ(E) on X. Let gij : Aij ⊗Aj E
j
0 → Aij ⊗Ai E
i
0, be the patching isomorphisms
for E. The image E of E under the forgetful functor is defined by the Ai-modules
Ei0 and the patching isomorphisms gij . Moreover E ⊗ Ω
1
X(logD) is given by the
modules Ei0 ⊗Ai Ω
1
Xi
(logD) with patching isomorphisms gij ⊗ ρij , which can be
considered as mappings
Aij ⊗Aj E
j
0 ⊗Aj Ω
1(logD)→ Aij ⊗Ai E
i
0 ⊗Aj Ω
1(logD).
The sheaf DD(E) in the Mihai sequence is obtained from the Ai-modules
DD(E
i
0) = E
i
0 ⋉ (E
i
0 ⊗ Ω
1
Xi
(logD))
with action
a(e, f ⊗ γ) = (ae, e⊗ da+ af ⊗ γ)
and suitable patching isomorphisms
ℓij : Aij ⊗Aj DD(E
j
0)→ Aij ⊗Ai DD(E
i
0).
For i 6= j the mapping
1⊗ φj0 ⊗ 1 : Aij ⊗Aj E
j
1 ⊗Aj Ω
1(logD)→ Aij ⊗Aj E
j
0 ⊗Aj Ω
1(logD),
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is invertible. The patching isomorphisms for E(~ω) are
hij =
{
(1⊗ φi0 ⊗ 1)
−1 ◦ (gij ⊗ ρij) ◦ (1⊗ φ
j
0 ⊗ 1) (i 6= j)
1 (i = j).
There is a morphism of exact sequences of Ai-modules
Bi0(E) : 0 −−−−→ E
i
1 ⊗ Ω
1(logD) −−−−→ Di0 −−−−→ E
i
0 −−−−→ 0
φi0⊗1
y αiy ∥∥∥
B(Ei0) : 0 −−−−→ E
i
0 ⊗ Ω
1(logD) −−−−→ DD(E
i
0) −−−−→ E
i
0 −−−−→ 0
where
αi : E
i
0 ⋉ (E
i
1 ⊗ Ω
1
Xi
(logD))→ Ei0 ⋉ (E
i
0 ⊗ Ω
1
Xi
(logD)).
is the mapping with matrix (
1 0
1⊗ ζi1
dxi
xi
φi0 ⊗ 1
)
.
If i 6= j then the mapping
1⊗ αi : Aij ⊗Ai D
i
0 → Aij ⊗Ai DD(E
i
0)
is an isomorphism. The patching maps for Dζ(E) are then the maps
kij : Aij ⊗Aj D
j
0 → Aij ⊗Ai D
i
0
defined by
kij =
{
(1⊗ αi)
−1ℓij(1⊗ αj) (i 6= j)
1 (i = j).
Clearly the exact sequences above define exact sequences
0→ E(~ω)→ Dζ(E)→ E→ 0
of coherent sheaves on X, and this is all functorial in E.
Now suppose that E is a vector bundle and consider a section σ of the sequence
Bζ(E). This is given by sections σ
i
s of B
i
s(E) which are wi-periodic in s, satisfy
ψisσ
i
s+1 = σ
i
sφ
i
s,
and commutativity of the squares
Aij ⊗Aj E
j
0
gij
−−−−→ Aij ⊗Ai E
i
0
1⊗σj
0
y 1⊗σi0y
Aij ⊗Aj D
j
0
kij
−−−−→ Aij ⊗Ai D
i
0.
Now one can write
σis =
(
1
∇is
)
: Ei0 → D
i
s = E
i
s ⋉ (E
i
s+1 ⊗ Ω
1
Xi
(logD))
for some mappings ∇is, and then
∇isφ
i
s = (φ
i
s+1 ⊗ 1)∇
i
s+1 + 1⊗ (ζi,s+2(wi) − ζi,s+1(wi))
dxi
xi
CONNECTIONS FOR WEIGHTED PROJECTIVE LINES 7
The composition αiσ
i
0 is a section of the Mihai sequence for E
i
0, so of the form
αiσ
i
0 =
(
1
∇i
)
: Ei0 → E
i
0 ⋉ (E
i
0 ⊗ Ω
1
Xi
(logD))
for some connection ∇i = αiσ
i
0 : E
i
0 → E
i
0 ⊗ Ω
1
Xi
(logD). Thus
∇i = (φi0 ⊗ 1)∇
i
0 + 1⊗ ζi1
dxi
xi
.
Moreover the definition of kij ensures that the αiσ
i
0 patch together to give a section
of BD(E), so the ∇
i give a logarithmic connection
∇ : E → E ⊗ Ω1X(logD).
The residue at ai defines an Ai-module map
Resi : Ω
1
Xi
(logD) = m−1i ⊗Ai Ω
1
Xi
→ Ai/mi.
If u ∈ m−1i and m ∈ mi, this map sends u⊗ dm ∈ m
−1
i ⊗Ai Ω
1
Xi
to the image of um
in Ai/mi. The fibre of E at ai is the vector space
Eai = E
i
0 ⊗Ai Ai/mi.
We denote by πis the projection E
i
s → E
i
s ⊗Ai/mi. The composition
(1⊗ Resi)∇
i : Ei0 → E
i
0 ⊗Ai Ai/mi.
factors through πi0, and the residue of ∇ at ai is the linear map Resai ∇ ∈ End(Eai)
with
(Resai ∇)π
i
0 = (1⊗ Resi)∇
i.
Let
Ris : E
i
s ⊗Ai/mi → E
i
s+1 ⊗Ai/mi
be the map with Risπ
i
s = (1⊗ Resi)∇
i
s. The formula relating ∇
i with ∇i0 gives
(φi0 ⊗ 1)R
i
0 = Resai ∇− ζi11
which shows that Resai ∇−ζi11 has image contained in Ei1, and the formula relating
∇is with ∇
i
s+1 gives
Ris(φ
i
s ⊗ 1) = (φ
i
s+1 ⊗ 1)R
i
s+1 + (ζi,s+2(wi) − ζi,s+1(wi))1.
so that by induction, for 1 ≤ s < wi,
(φi0φ
1
i . . . φ
i
s ⊗ 1)R
i
s = (Resai ∇− ζi,s+11)(φ
i
0φ
1
1 . . . φ
i
s−1 ⊗ 1).
so that the restriction of Resai ∇ − ζi,s+1 to Eis has image contained in Ei,s+1.
This shows that ∇ is a ζ-connection on E.
Conversely, if ∇ is a ζ-connection on E, one can reverse this construction and
show that ∇ arises from a section of Bζ(E). 
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4. Perpendicular categories
If F is a coherent sheaf on X, the perpendicular category F⊥ is the full subcat-
egory of CohX with objects
F⊥ = {E ∈ CohX | Hom(F,E) = Ext1(F,E) = 0}.
We begin with a theorem of Hu¨bner and Lenzing [8]. We include a copy of their
proof, since the manuscript is unpublished. We use the setup of [10], and let Λ be
the canonical algebra associated to X. We identify the indecomposable projective
Λ-modules with the line bundles O(~x), 0 ≤ ~x ≤ ~c, and we identify the category
Mod≥(Λ) with the subcategory Coh≥ X of CohX.
Proposition 4.1 (Hu¨bner and Lenzing). If F is a nonzero bundle on X satisfying
(1) Ext1(Λ,F) = 0, that is, F ∈ Mod+(Λ), and
(2) µF > 2p+ δ(~ω), and
then F⊥ ⊆ Coh≥X, and it coincides with
F⊥Mod(Λ) = {M ∈Mod(Λ) | Hom(F,M) = Ext
1(F,M) = 0}.
Proof. First, ifM ∈ Mod−(Λ) then by [10, Theorem 3.2],M = E[1] for some vector
bundle E onX with Hom(Λ,E) = 0. Now µE = µE−µO ≤ p+δ(~ω) by [10, Theorem
2.7], and µF(~ω) ≥ 2p + 2δ(~ω) by (1), so so µF(~ω) − µE > p + δ(~ω), and hence
Hom(E,F(~ω)) 6= 0 by [10, Theorem 2.7]. Thus by Serre duality Ext1(F,E) 6= 0,
that is Hom(F,M) 6= 0. Thus M /∈ F⊥. This shows that F⊥Mod(Λ) ⊆Mod≥(Λ) and
consequently F⊥Mod(Λ) ⊆ F
⊥.
Second, suppose that E is a vector bundle which is not in Mod+(Λ). Then
Ext1(O(~ω),E) 6= 0, so Hom(E,O(~c + ~ω)) 6= 0. Now µO(~c) = p, so µF − µO(~c) >
p + δ(~ω) by (2), so Hom(O(~c),F) 6= 0 by [10, Theorem 2.7]. Thus Hom(O(~c +
~ω),F(~ω)) 6= 0. Since F is a vector bundle, andO(~c+~ω) is a line bundle there must be
a monomorphism O(~c+~ω)→ F(~ω). Its composition with a nonzero morphism E→
O(~c+ ~ω) is again nonzero, so Hom(E,F(~ω)) 6= 0, and hence Ext1(F,E) 6= 0. Thus
E /∈ F⊥. This shows that F⊥ ⊆ Mod≥(Λ) and consequently F
⊥ ⊆ F⊥Mod(Λ). 
Theorem 4.2 (Hu¨bner and Lenzing). If F is a nonzero vector bundle on X with
Ext1(F,F) = 0, then F⊥ is equivalent to the category of representations of a finite-
dimensional hereditary algebra A, and the inclusion functors jXX : F
⊥ → CohX
and jΛ : F
⊥ → Mod(Λ) are exact and admit left adjoints ℓX and ℓΛ. Moreover F
can be extended to a tilting bundle T = F⊕C on X such that C is projective in F⊥.
Proof. If ~x ∈ L(p), the twist E 7→ E(~x) is an equivalence of categories, so it defines
an equivalence F⊥ 7→ F(~x)⊥. Thus, we may replace F by any twist, and hence
we may assume conditions (1) and (2) in the last proposition hold, and also (3)
Hom(F,Λ) = 0.
Since F ∈ Mod+(Λ), it has projective dimension at most 1 as a Λ-module by [10,
Theorem 3.2]. The fact that the inclusion functors are exact and have left adjoints
then follows from [7, Proposition 3.2]. It follows that ℓΛ(Λ) is a projective generator
for F⊥, so it is equivalent to the category of modules for some finite-dimensional
algebra A. Moreover, as an abelian exact subcategory of the hereditary category
CohX, the category F⊥, and hence A, is also hereditary.
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Finally, because of condition (3) and the construction in the proof of [7, Propo-
sition 3.2], ℓΛ(O(~x)) is the middle term of the universal exact sequence
0→ O(~x)→ ℓΛ(O(~x))→ F⊗ Ext
1(F,O(~x))→ 0.
Thus ℓΛ(O(~x)) is a vector bundle and Ext
1(ℓΛ(O(~x)),F) = 0. One can thus take
C = ℓΛ(Λ) =
⊕
0≤~x≤c
ℓΛ(O(~x)).

5. Deformed preprojective algebras
We now study perpendicular categories for coherent sheaves on a weighted pro-
jective line X equipped with a ζ-connection.
The deformed preprojective algebra Πλ(A) associated to a hereditary algebra A
is defined in [2]. In the theorem of Hu¨bner and Lenzing we may take A to be basic,
in which case it is isomorphic to the path algebra of a quiver Q without oriented
cycles, and then Πλ(A) is isomorphic to the deformed preprojective algebra Πλ(Q)
as introduced by Crawley-Boevey and Holland [5].
Theorem 5.1. Let F be a nonzero vector bundle on X with Ext1(F,F) = 0 and fix
ζ. Let F⊥ be equivalent to Mod(A) for some finite-dimensional hereditary algebra
A, and assume that A has no non-zero projective-injective module. Then the cat-
egory of coherent sheaves in F⊥ equipped with a ζ-connection is equivalent to the
category of representations of the deformed preprojective algebra Πλ(A) for some
λ ∈ C⊗Z K0(A).
Proof. By the theorem of Hu¨bner and Lenzing, Theorem 4.2, there is an equiva-
lence Φ : Mod(A) → F⊥ for some finite-dimensional hereditary algebra A. We
denote by D the duality HomC(−,C). The endomorphism algebra of Φ(DA)
is identified with the opposite algebra of A, and for a coherent sheaf E on X,
this turns DHom(E,Φ(DA)) into a left A-module. We show that the functor
ℓ′ : CohX→ Mod(A) defined by
ℓ′(E) = DHom(E,Φ(DA)).
is left adjoint to the composition
Mod(A)
Φ
−→ F⊥
jX
−→ CohX.
For M ∈ Mod(A) and E ∈ CohX there is a map
Hom(E,Φ(M))→ HomA(HomA(M,DA),Hom(E,Φ(DA))).
sending θ ∈ Hom(E,Φ(M)) to the map which sends α ∈ HomA(M,DA) to Φ(α)θ.
Identifying HomA(M,DA) with DM , the right hand side becomes
Hom(DM,Hom(E,Φ(DA))) ∼= Hom(DHom(E,Φ(DA)),M) = Hom(ℓ′(E),M),
so we obtain a mapping
tEM : Hom(E,Φ(M))→ HomA(ℓ
′(E),M)
which is functorial in E and M . Now tEM is an isomorphism for M = DA, so it is
an isomorphism for all injective modules M , and then by considering the injective
resolution of a module, one sees that tEM is an isomorphism for all modules M .
Thus ℓ′ is left adjoint to jXΦ.
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Given E ∈ F⊥, we have defined an exact sequence
Bζ(E) : 0→ E(~ω)→ Dζ(E)→ E→ 0.
In particular, for M ∈ Mod(Λ) we have an exact sequence Bζ(Φ(M)). Twisting,
this gives an exact sequence
Bζ(Φ(M))(−~ω) : 0→ Φ(M)→ Dζ(Φ(M))(−~ω)→ Φ(M)(−~ω)→ 0.
Applying the functor ℓ′ to this sequence, and identifying ℓ′(Φ(M)) with M , one
obtains a right exact sequence
ηM :M → ℓ
′(Dζ(Φ(M))(−~ω))→ ℓ
′(Φ(M)(−~ω))→ 0.
The right hand term in ηM is given by the assignment
M  ℓ′(Φ(M)(−~ω))
which defines a functor S from Mod(Λ) to itself, and for any M ′,
Hom(S(M),M ′) = Hom(ℓ′(Φ(M)(−~ω)),M ′) ∼= Hom(Φ(M)(−~ω), jXΦ(M
′))
∼= DExt1(Φ(M ′),Φ(M)) ∼= DExt1(M ′,M)
which shows that S is isomorphic to the inverse Auslander-Reiten translate τ−
for A, which is the functor τ−M = DExt1(DA,M) since A is hereditary, and
τ−M ∼= τ−A⊗A M .
The middle term in ηM is given by the assignment
M  ℓ′(Dζ(Φ(M))(−~ω))
is a right exact functor from Mod(Λ) to itself, so it is naturally isomorphic to
B ⊗A M for some A-A-bimodule B.
Thus ηM can be identified with an exact sequence
η′M : M → B ⊗A M → τ
−A⊗A M → 0.
Moreover, since this is functorial in M , it is obtained from a right exact sequence
of A-A-bimodules
A→ B → τ−A→ 0.
As a sequence of left A-modules, this is identified with the sequence ηA, and the
formula for ℓ′ shows that it can be extended to a long exact sequence
· · · → DExt1(Φ(A)(−~ω),Φ(DA))→
→M → ℓ′(Dζ(Φ(M))(−~ω))→ ℓ
′(Φ(M)(−~ω))→ 0.
By Serre duality the first term above becomes Hom(Φ(DA),Φ(A)) ∼= Hom(DA,A),
and the assumption that A has no nonzero projective-injective ensures that this is
zero. Thus we have a sequence of bimodules
0→ A→ B → τ−A→ 0
which is exact on the left as well.
Now A is hereditary, and the base field C is algebraically closed, so A is quasi-
free. There is an exact sequence of bimodules
0→ Ω1A→ A⊗C A→ A→ 0,
and this is a projective resolution of A as an A-A-bimodule, that is, as a left Ae-
module. We write it as
0→ P1 → P0 → A→ 0.
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Now the functor M → M∨ = HomAe(M,A
e) gives a duality between finitely
generated projective left and right Ae-modules. It gives a long exact sequence
0→ A∨ → P∨0 → P
∨
1 → Ext
1
Ae(A,A
e)→ 0
This can be rewritten as
0→ A∨ → A⊗C A→ Der(A,A⊗C A)→ H
1(A,A⊗C A)→ 0.
Since Der(A,A⊗CA) is a projective A
e-module, one gets a lifting Der(A,A⊗CA)→
B, so a commutative diagram of A-A-bimodules
A⊗C A −−−−→ Der(A,A⊗C A) −−−−→ H
1(A,A⊗C A) −−−−→ 0y y ∥∥∥
0 −−−−→ A −−−−→ B −−−−→ τ−A −−−−→ 0
with exact rows, for some map A ⊗C A → A. Let α ∈ A be the image of 1 ⊗ 1.
The fact that the lower sequence is exact on the left ensures that this is a pushout
diagram.
The category we are interested in has objects the coherent sheaves E ∈ F⊥
equipped with a ζ-connection, so a section of the exact sequence Bζ(E). Equiva-
lently, its objects are A-modules M and sections of the exact sequence
Bζ(Φ(M)) : 0→ Φ(M)(~ω)→ Dζ(Φ(M))→ Φ(M)→ 0.
Such sections are in 1-1 correspondence with retractions, and so also in 1-1 corre-
spondence with retractions of the twisted sequence
Bζ(Φ(M))(−~ω) : 0→ Φ(M)→ Dζ(Φ(M))(−~ω)→ Φ(M)(−~ω)→ 0.
Applying the functor ℓ′ to this sequence, and identifying ℓ′(Φ(M)) with M , one
obtains a right exact sequence
ηM :M → ℓ
′(Dζ(Φ(M))(−~ω))→ ℓ
′(Φ(M)(−~ω))→ 0.
Now retractions r of Bζ(Φ(M))(−~ω) are in 1-1 correspondence with retractions of
ηM , that is, mappings
r′ : ℓ′(Dζ(Φ(M))(−~ω))→M
such that the composition
M → ℓ′(Dζ(Φ(M))(−~ω))→M
is the identity map on M . Namely, given r one obtains r′ by applying ℓ′ to r, and
given r′, one obtains r by composing jXΦ(r
′) with the adjunction map
Dζ(Φ(M))(−~ω)→ jXΦℓ
′(Dζ(Φ(M))(−~ω)).
Now retractions r′ are in 1-1 correspondence with retractions of the sequence
η′M : M → B ⊗A M → τ
−A⊗A M → 0.
Now we have a pushout diagram
A⊗C A −−−−→ Der(A,A⊗C A)y y
A −−−−→ B
and it remains a pushout after tensoring withM . Thus a retraction ofM → B⊗AM
is the same thing as an A-module map Der(A,A ⊗C A) ⊗A M → M which sends
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∆ ⊗m to αm, where ∆ is the derivation with ∆(a) = a ⊗ 1 − 1 ⊗ a. This is the
same as the data for a module for the preprojective algebra Πα(A). Finally, since
A is a finite-dimensional hereditary algebra, the mapping C⊗Z K0(A)→ A/[A,A]
used in [2] is an isomorphism (as one easily sees by using Morita equivalence to
pass to the corresponding basic algebra, and using that this is isomorphic to the
path algebra of a quiver without oriented cycles). Thus Πα(A) ∼= Πλ(A) for some
λ ∈ C⊗Z K0(A). 
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